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Pythagorean Fuzzy Nano
Topological Space With (Min-
Max Open Set)

Abstract

Pythagorean fuzzy set, characterized by the condition that the sum of the
squares of membership and non-membership degrees does not exceed one,
provide a more flexible framework for modeling uncertainty than
intuitionistic fuzzy sets. In this paper, we introduce and investigate the
concept of maximal open sets in Pythagorean fuzzy topological spaces.
Several properties and fundamental are established, and their relationships
with Pythagorean fuzzy open and closed sets are examined.
Characterizations of maximal and minimal open sets are obtained through
inclusion relations and intersection properties. Furthermore, illustrative
examples are provided to demonstrate the applicability of the proposed
concepts. The developed theory extends classical topological notions to the
Pythagorean fuzzy setting and contributes to the study of generalized
topological structures under uncertainty. Potential applications of the
proposed framework in decision-making, information systems, and
intelligent data analysis are also discussed, offering new directions for future
research in fuzzy topology and soft computing.
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1. INTRODUCTION

The concept of fuzzy minimal and maximal open sets
introduced by Ittanagi and Wali in [ ] has played an
important role . Swaminathan and Sivaraja [ ] discussed
some properties of fuzzy minimal open and fuzzy
maximal open sets. In this chapter, we have introduced the
notions of Pythagorean fuzzy nano minimal (resp., 9, 6-
pre, d-semi, da, and Of)-open sets. Further, we have
developedPythagoren fuzzy nano maximal (resp., §, o-
pre, 8-semi, da, and dB-open sets and various interesting
results on them.

2 .PYTHAGOREAN
OPEN SETS
Definition 2.2.1 :Let (U,TRA) be a P#Nts with respect
to A where A is a P#S of U. Then P%s S in U is said to be
Pythagorean:
(1)fuzzy nanoda or a-open set (briefly, P#Ndaos
or P#Naos) if SCP ZNint(PFNcl(PFNintS)).
(i)fuzzy nanodB ore*-open set (briefly,
PFN3Bos or PFNe+os) if
SSPINcl(PFNint(PFNcIS)).
The complement of PFNdacs, PFNSPos and PFNSPcs)
of U is denoted by P#N6aOSU(res. PINoaCSU,
PINGSBOS(U) and PFNSBCS(V)).

FUZZY NANO MINIMAL

Definition 2.2.2: Let (U,TRA) be a P#Nts with respect to
A where A is a P#S of U. Let S be a P#S of U. Then
Pythagorean fuzzy nano
(1)da (resp. df) interior of S (briefly, PFNSaintS
(res. PZNGSBint(S))) is defined by PFNdaint(S)
(resp. PZNGSBint(S))=U{[:ICS & I is a PFNSao0
(resp. PZNGSo) set in U},
(i1)da (resp. oP) closure of S (briefly, P#NoclS
(res. PgNOSPcl(S))) is defined by PFNdacl(S)
(resp. PZNGBcl(S))=U{A:SCA & A is a PFNdac
(resp.P#N3Bc) set in U}.

Definition 2.2.3: A proper nonzero PZNOSPos (resp.
PINPsos, P#NSSos, PFNboos and PFNSPos) E in
Pythagorean fuzzy nano topological space (U,tPA) is said
to be Pythagorean fuzzy nano minimal (resp., 6, d-pre, 6-
semi, da, and of)-open sets (briefly, PZ#Nminos(resp.
PINOmindos, PZNmindPos, PFNmindSos, PFNmindaos
and P#Nmindfos) if a P#Nos (resp. PFNSos, PFNSPos,
PINGSos and P#NSPos) contained in E is OPor E.

Example 2.2.4: Let U={s1,s2,s3,s4} be the universe set
and the equivalence relation are U/R=s1,s4, s2, s3. Let A
=s10.8,0.4, s20.6,0.6, s30.7,0.7, s40.5,0.7 be a
Pythagorean fuzzy subsets of U.

PINA=510.5,0.7, s20.6,0.6, s30.7,0.7,
PINA=510.8,0.4, s20.6,0.6, s30.7,0.7,

BPIN(A) = s10.7,0.5, s20.6,0.6, s30.7,0.7.

Now tPA={0P, 1P, PFNAIL, PFNAI1, BPINAI1}

Here (i) P#NA is P9Nmindo, P#NSSo and P¥Ndoo set,
(i) (PFN(A))c is a PFNmindPo and PFNmindPo set.

Lemma 2.2.5: Let (U,1PA) be a Pythagorean fuzzy nano
topological space.
®If El is P%Nminos (resp.P#Nminos,
PINmindPos, PZNmindSos, PFNmindaos and
PINmindfos) and E2 is PFNos ( resp. PFNos,
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PINGS0s,PFNGSSos, PFNSaos) in U, tPA, then
E1NE2=0P or E1cE2.
(i)If El and E2 are P%Nminos (resp.
PNmindos, PIFNOomindPos, PINmindSos,
PZNmindoos and PFNmindfos), then
E1NE2=0P or E1=E2.

Proof:
(i)Let us assume that E2is PZNGSPos in U,TPA
such that EINE2#0P. Since El is P#Nmindpos,
and EINE2cEl, then EINE2=El implies
ElcE2.
(ii)Suppose that E1cE2#0P, then clearly from
(i), E1cCE2 and E2cEl as E1 and E2 are
PZNmindPos. Hence E1=E2.The proof of the others are
similar.

Theorem 2.2.6: Let E and Ei are P#Nminos (resp.
PZNmindos, PZNomindPos, P#NmindSos, PZNmindaos
and PNmindPos) for any i€M. If ECiEMEi,then E=E;j
for any jJEM.

Proof: Suppose ECieMEi, then E=EN(iEMEi)=iEM
(ENEi).By Lemma 2.2.5(ii), ENEi=0P or E=Ei as E and
Ei are PNmindPos's. If ENEi=0P, then E=0P which
contradicts that E is a PNmindfos. Hence if ENEi#0P
then E=E;j for any jEM. The proof of the others are similar.

Theorem 2.2.7: If E and Ei are P%Nminos
(resp.P#Nmindos, PZNdmindPos, PZNmindSos,
PZNmindaos and PFNmindfos) for any iEM and E#Ei,
then EN(iEME1)=0P for any i€M.

Proof: Let EN(iEMEi)#0P, then ENEi#0P for any iEM.
By Lemma 2.2.5(ii), E=Fi contradictory to E#Ei. Hence
E=EN(i€MEi)=0P.

Theorem 2.2.8: If Ei is a P#Nminos P#N 6mindPos,
PZNmindSos, PFNmindaos and PFNmindpos) for any
IEM(M>2) and Ei#Ej for any distinct i,jEM, then
((IEM/{j}E1)NEj=0P) for any jEM.

Proof: Let (1eM/{j} Ei)NEj#O0P. Then
iEM/{j} (EiNEj)#0P=EiNEj#0P.By Lemma 2.2.5 (ii),
Ei=Ej, a contradiction. Hence (iEM/{j } Ei)NEj=0P for any
JEM.

Theorem 2.2.9: If Ei is a P#Nminos (resp. PN
omindPos, P#NmindSos, P#Nmindaos  and
PZNmindPos) for any iEM(M>2) and Ei#Ej for any
distinct i,jEM. If K is a nonempty proper subset of M then
(1IEM/KEi)(JEKE;j)=0P.

Proof: If (ieM/KEi)GEKEj)#0P. It implies that
(EiNEj)#0Pfor iEM\K and s€K implies that EiNEs#0P
for some iEM and jeEK. By Lemma 2.2.5 (ii), Ei=Ej,
which is a contradiction. Hence (iEM/KEi)(jEKE;)=0P.

Theorem 2.2.10: If Ei and Ek are P#Nminos (resp. PN
dmindPos, PZNmindSos, PYNmindaos  and
PZNmindPos) for any iEM and k€S and if there exists an
n€S such that Ei#Ej for any i€M, then nEKEnES[i€EMEI].
Proof: Assume that there exists an n€S such that Ei#En
for any iEM, then nEKEn¢[iEMEi].

=Enc[ieEMEIi] for some neK.
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=Ei#ZEn for any i€EM, by Theorem 2.2.6, which is a
contradiction. Hence nEKEn¢#[iEME:i].

Theorem 2.2.11: If Eiis a P#Nminos (resp. P#Nmindos,
PN o6mindPos, PZNmindSos, PFNmindaos and
P#NmindPos) for any i€EM such that Ei#Ej for any
distinct i,jEM, then

(1)Ejc[ieM/{j}Ei] for some jEM.

(i1)ieM/{j} Ei#1P for any jEM.

Proof:

(1)By hypothesis, Ei#Ej fore any distinct i,jEM.
By Theorem 2.2.7, iEMEINEj=0P which is true for any
jEM.=ieM[EiNE]j]=0P
=FEiNEj=0P(By Lemma 2.2.5(ii))
=EicEjc
=ieM/{j}EicEjc. Hence proved.

(ii)Let jEM such that iEM/{j}=1P
=>Ei=0P
=Ei is not a P#Nmindfos set, a contradiction. Hence
1EM/{j}#1P for any jEM. The proof of others are similar.

Corollary 2.2.12: If Ei is a P%Nminos (resp.
PZNmindos, PN  O6mindPos, PZNmindSos,
PNmindoos and P#Nmindfos) for any iEM such that
Ei#Ej for any distinct i,jEM, thenEiUEj#1P for any
distinct i,jEM.

Proof: Similar to the proof of Theorem 2.2.12 (ii).

Theorem 2.2.13: IfEiis a P#Nminos (resp. P#Nmindos,
PZN O6mindPos, PZNmindSos, P#Nmindaos and
PNmindPos) for any i€EM such that Ei#£Ej for any
distinct i,jEM, then Ej=[iEMEi]N[iEM/{j}Ei]c for any
JEM.

Proof: For any jeM=[ieMEi]N[iEM/{j}Eilc =
[ieM/{j}EiUEjIN[ieM/{j} EiUE]j]c
=[(ieMEI)NGEM/{j} Ei)c]U[EjN(EJNGEM/{j}Ei )c]

= O0PUE;j

= Ej for any jEM.

Proposition 2.2.14: Let G be a PZ%Nminos(resp.
PJNmindos, PN  6mindPos, PZNmindSos,
PgNmindaos and P#NmindPos) set in U,TPA. If xa€G,
then GCG1 for any P9Ne-open neighbourhood of xa for
any X0€QG.

Proof: Let G1 be an P#Ne-open neighbourhood of xa
such that GEG1&G and GNG1+£0P. This implies that G is
a P#Nmindfos set which is contradiction. The proof of
others are similar.

Proposition 2.2.15: Let G be a P¥NmindPos(resp.
PZNmindos, PZN  O6mindPos, PZNmindSos,
PINmindaos and PZNmindfos). Then
G=N{GL:GIPHNS ( resp. P#N 6P, PFNsS, PFNoa and
PZN6SB)-open neighbourhood of xa for any xa€G}.
Proof: By Proposition 2.2.14 and as G is an P#NdB-open
neighbourhood of xa, we have

G=N{G1:Gl PFNSB-open neighbourhood of xacG}.
This completes the proof. The proof of others are similar.

Theorem 2.2.16: Let G be a PZNminos(resp.
PZNmindos, PZN  6mindéPos, PZNmindSos,
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PZNmindaos and P#Nmindfos). Then the following
conditions are equivalent.
(1)G is P¥Nminos(resp. P#Nmindos, PIN
omindPos, PZNmindSos, PZ#Nmindaos and
PZNmindfos) set.
(i) GcPINCIK) (resp. GcPZNOCIK,
CcPINSPCIKcPINSSCIK,cPZNsaClKand
cPINSBCI(K) for any nonzero PFS of K of G.
(iii) PINCIG=PZNCIK(resp.
PINSCIG=PINGSCIK, PINS PCIG=PINs
PCIK, PZNSSCIG=
PINSSCIK,PZNoaCIG=PZNosaCIK and
PINSBCIG=PINSBCI(K) for any nonzero PFSKCG.
Proof: (i) =(ii): By Proposition 2.2.14 for any xacG and
PZNGSB open neighbourhood M of xo, we have
K=GNKc(MNK) for any proper nonzero P#NKCG.
Therefore, we have (MNK)#0P and xac PZNSBCIK. It
follows that GEPZNJBCIK.

(i) =(iii): For any P#S K of G,
PINSBCIGCPINSBCIK. Also by (ii1)
PINGSBCIGCPINSBCI PINSBCIK=cPINSBCIK.

Hence proved.

(1i1))=>(i): Let us assume that G is not P#Nmindfos. Then
there exists a proper P9Nmindfos D such that DCG. Then
there  exists yo€G such that yo€G.Then
PINSBCl(ya)EDc implies that PNSBClyoAPFNSBCIG,
a contradiction. This completes proof. The proof of others
are similar.

2.3 PYTHAGOREAN FUZZY NANO MAXIMAL
OPEN SETS AND ITS PROPERTIES

Definition 2.3.1: A proper nonzero Pythagorean fuzzy
nano ( resp. d, dpre, 6 semi, 6a and df)- open set (briefly,
PINos(resp. P#Nos, PFNSPos, PZNSSos, PFNSaos and
PZNSPos) F of a Pythagorean fuzzy nano topological
space U,tPA is said to Pythagorean fuzzy nano Maximal (
resp. PJNmaxdos, PFHNmaxdPos, PFNmaxdSos,
PINmaxdoaos and PFNmaxdfos)) if any PFNos (resp.
PFdos, PINOPos, PFNSSos, PFNSaos and PFNSPos)
which contains F is either F or 1P.

Example 2.3.2: In Example 2.2.4, the set (i)BP#N(A) is
PYNmaxdéo and PZ%NmaxdSo, (ii)) PIN (A) is
PNmax6Po, P¥Nmaxdao and PFNmaxdfo set.

Lemma 2.3.3 :Let U,TPA be a Pythagorean fuzzy nano
topological space. Then
HIf F1 is a P¥Nmaxos (resp. PFNmaxdos,
PZNmaxdéPos, P¥NmaxdSos, PZNdSos,
PINSoos and PFNGPos) in U, then FIUF2=1P

or F2cF1.
(iIf F1 and F3 are P%Nmaxos (resp.
P#Nmaxdéos, PZNmaxdPos, PZNmaxdSos,

PINGSSo0s,PFNSaos and PFNSPos) then either
F1UF3=1P or F1=F3.
Proof: (i)Assume that F2¢FI1. Clearly , FIcFI1UF2 a
contrary to F1 is a P#NmaxdPos if FIUF2#1P. Hence ,
F1UF2=I1P.
(i))Let F1 and F3 are P#Nmaxdfos’s. Then form (i)
F3cF1 and FI1cF3 implies that F1=F3. The proof of
others are similar.
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Theorem 2.3.4: If F1,F2 and F3 are P#Nmaxos (resp.
PINmaxdos, PZNmaxdPos, PFNmaxdSos, PZNoaos
and P#Nmaxdfos) such that F1#£F2 and (F1NF2)cCF3,
then their F1=F3 or F2=F3.
Proof: Suppose that F1,F2and F3 are P#Nmaxdfos’s
with F1£F2,FINF2CF3, and if F1£F3, then
F2NF3=F2NF3N1P
=F2N[F3N(F1UF2], by Lemma 2.3.3 (ii)
=F2NF3NF1)U(F3NF2
=[F2NF3NF1]JU[F2NF3NF2]
=[(F2NF1)JU[F2NF3)]
=F2N[F1UF3)]
=F2N1P
=F2

F2NF3=F2=F2cF3. As F2 and F3 are P#Nmaxofos’s,
F3cF2. Hence F2=F3.

Theorem 2.3.5: For any distinct P#Nmaxos ( resp.
PINmaxdos, PZNmaxoPos, P#NmaxdoSos, PFNoaos
and P#Nmaxdpos) such that F1, F2 and F3 we have
FINF2¢F1NF3.

Proof: Consider FINF2cFINF3 for any distinct
PINmax5pos’s F1, F2 and F3. Then
FINF2UF2NF3cF1NF3UF2NF3=F1NF3NF2cF1UF2N
F3=1PNF2c1PNF3=F2 is contained in F3 a contradiction
to F1,F2 and F3 are distinct. Hence F1INF2£F1NF3.

Theorem 2.3.7: If Fiis a P9Nmaxos ( resp. P#Nmaxdos,
PINmaxdPos, PINmaxdéSos, PINSoos and
PZNmaxdpos)’s for any iEM, M is a finite set and Fi£Fj
for any distinct i,jEM, then
(i)[iEMjFi]cCF;j for any jJEM.
(i1)ieM {j} Fi#0Pfor any jEM.

Corollary 2.3.8: If Fi is a P9Nmaxos ( resp. P#Nmaxdos,
PJNmaxoéPos, PJNmax5Sos, PINbaos and
PINmaxdfos)’s for any iEM, M is a finite set and Fi£Fj
for any distinct i,jEM, then FiNFj#0P for any distinct

i,JEM.
Remark 2.3.9 : If Fi is a PNmaxos ( resp. PNmaxdos,
PZNmaxoéPos, P#NmaxdSos, PZNdoos and

PINmaxdfos)’s for any iEM, M is a finite set and Fi£Fj
for any distinct i,jEM, and if K is a proper nonzero fuzzy
subset of M, then iEMFiZkeKFK.

Theorem 2.3.10: If Fiis a P%Nmaxos ( resp.
PINmaxdos, PFNmaxdPos, PFNmaxdSos, PZNodaos
and PZNmaxdfos)’s for any iEM, M is a finite set and
Fi#Fj for any distinct i,jEM, and if iEMFi is a fuzzy
subset, then Fj is a fuzzy subset for any jEM.
Proof: By theorem 2.3.9, we
Fj=ieMFiu[ieM/{j}Fi]c for any
Fj=[ieMFiU[ieM/{j}Filc .

Since M is finite iEM/{j}Fic is a P¥Nmaxdp-closed.
Hence Fj is P#Nmaxdp-closed for any jEM.

Similarly proof the remaining theorem.

have
JEM,

Theorem 2.3.11: If Fi is a P%Nmaxos ( resp.
PZNmaxdos, PFNmaxdPos, PFNmaxdSos, PZNSaos
and P#Nmaxdfos)’s for any iEM, M is a finite set and
Fi#Fj for any distinct i,jEM, and if iEMFi=0P, then
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Fi/ieM is the set of all P#Nmaxdos ( resp. P9NmaxdPos,
PNmaxdSos, PINoaos and  PFNmaxdfos)’s of
Pythagorean fuzzy nano topological space U,TPA.

Proof: Suppose that there exists another P#Nmaxopos
Fk of a Pythagorean fuzzy nano topological space U,TPA
such that Fk#Fi, ViEM. Clearly,
OP=ieMFi=ie(MNK)/{k}Fi#£0P,by Theorem 2.3.7(ii), a
contradiction. Hence Fi/iEM is the family of all
PZNmax6fos’s of Pythagorean fuzzy nano topological.

Conclusion:

In this topic, the concept of Pythagorean fuzzy nano (resp.
9, dpre, & semi, da and SB)- minimal and Pythagorean
fuzzy nano (resp. 9, dpre, 6 semi, da and df)-maximal
open sets are introduced and some properties of
Pythagorean fuzzy nano (resp. 9, dpre, d semi, da and Of3)-
minimal open and Pythagorean fuzzy nano(resp. J, dpre,
0 semi, da and 8f)-maximal open are discussed.
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